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We consider to solve a zero-dimensional polynomial system using Gr\"obner bases.
It is roughly divided into two methods. First, we compute a Gr\"obner basis with
respect to lexicographical order, and solve an univariate polynomial in the $\mathrm{G}\mathrm{r}\ddot{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\Gamma$
basis. All zeros are calculated by substitution. The problem in this case is cumu-
lative errors. Second, we compute univariate polynomials for each variable, and
calculate zero intervals of them respectively. we verify that exact solutions are
contained in a candidate interval of their combinations.
In this paper we focus on second method and propose a method to verify whether
exact solutions are contained in any candidate using a linear map. We illustrate
that our method is faster than circumscribed sphere method which is a way with
similar situation.
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2.1
$n$ $x=(x_{1}, x_{2}, \cdots, x_{n})$ $F=\{f1, f_{2}, \cdots, f_{s}\}$ Gr\"obner
1 1 $E=$
$\{\epsilon_{1}, \epsilon_{2}, \cdots, \epsilon_{n}\}$ $F$
$(a_{1}, a_{2}, \cdots, a_{n})$ $F$
57
$\sum_{j=1}^{n}(x_{j}-a_{j})^{2}-r^{2}$ $r$ 1 $g(r)-$
$g(r)=UnivariatePo\iota_{y(r}nomial,$ $\{F, \sum(X_{j}-a_{j})2-r2\})$
$j=1$
$UnivariatePo\iota_{ynom}ial$ ? \ 1
$g(r)$
$0 \leq r^{2}<\sum\epsilon_{j}^{2}$
$j=1$
$(a_{1}, a_{2}, \cdots, a_{n})$
2.2
$(x_{1}, x_{2})$ $x_{3}$
$(x_{1}, x_{2}, x_{3})$ 1
$h_{k}(t_{k})=UnivariatePo \iota ynomial(t_{k}, \{F,\sum_{j=1}x_{j}-\theta_{k}\})$
$(a_{1}, a_{2}, \cdots , a_{k})$ h $(t_{k})$
$\sum(a_{j}k-\epsilon_{j})<t_{\text{ }}<\sum(a_{jj}k+\epsilon)$
$j=1$ $j=1$
$(a_{1}, a_{2}, \cdots, a_{k})$
2.3
1( )
: $F=\{f1, f_{2}, \cdots, f_{s}\},$ $x=(x_{1}, x_{2}, \cdots, x_{n})$ , $E=\{\epsilon_{1}, \epsilon_{2}, \cdots, \epsilon_{n}\}$
: $F$
1. $\{f_{1}, f_{2}, \cdots, f_{s}\}$ Gr\"obner $x_{i}$ 1 $g_{i}(x_{i})$
2. $gi(Xi)$ Sturm $\epsilon_{i}$
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3.
4.
5. $(a_{1}, a_{2}, \cdots, a_{n})$ $\{F, \sum_{j1}^{n}=(x_{jj}-a)2-r^{2}\}$ Gr\"obner
$r$ 1 $g(r)$
6. $g(r)$ $0 \leq r^{2}<\sum_{j=1}^{n}\epsilon_{j}^{2}$ Sturm
3
3.1
$\mathbb{Q}$ $X_{i}=$ {[ ), $r_{1}^{(i)}],$ $\cdots,$ $[l^{(i)}m’ r^{(i}m])$ }, $i=$
$1,$ $\cdots,$ $n$
$l_{1}^{(i)}=0<r_{1}(i)<l_{2}^{(i)}<\cdots<l_{m}^{(i)}<r_{m}^{(i)}$
$M_{i}=r_{m}^{(i)}-l_{1}^{(i)}$
$W_{i}= \max_{=j1,\cdots,m}\{r^{(i}j)-l_{j}^{(i)}\}$
$G_{i}= \min_{j=2,\cdots,m}\{r_{j}(i)-l_{j-}^{(i)}\}1$
$M_{i}$ $W=i$ $G_{i}$
$X_{i}$ $X=X_{1}\mathrm{x}X_{2}\cross\cdots\cross X_{n}$ $X$ $n$ $m^{n}$
1 $m$ A A $n$
$\Lambda^{n}$ $\Lambda^{n}$ $\lambda$ $X$ 1 1
2 $\psi(x_{1}, x_{2})=x_{1}+\alpha_{2}x_{2}$
$\frac{M_{1}}{G_{2}}<\alpha_{2}<\frac{G_{1}}{W_{2}}$
$X_{1^{\cross}}X_{2}$ 2 $I_{1},I_{2}$ $\psi$
$M$ $=$ $\alpha_{2}M_{2}+M_{1}$
$G$ $=$ $\min\{G_{1}, \alpha_{2}c2-M_{1}\}$
$\frac{M}{G_{i}}<\alpha_{i}<\frac{G}{W_{i}}$
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$\Psi(X_{1}, X_{2}, \cdots, x_{n})=\sum\alpha_{i}x_{i}$
$i=1$
$\alpha_{1}=1$
$\Psi(X_{\lambda_{i}})\cap\Psi(X_{\lambda_{j}})=\phi$ , $\lambda_{i}\neq\lambda_{j}$
3.2
$\mathbb{Q}[x_{1}, \cdots, x_{n}]$ $\{f_{1}, \cdots, f_{s}\}$
$\epsilon$
3( )
1. $\{f_{1}, f_{2}, \cdots, f_{s}\}$ I Gr\"obner $0$
2. I $x_{i}$ $g_{i}(x_{i})$ Gr\"obner
3. $g_{i}(X_{i})$ Sturm $\epsilon$ $X_{i}$
4. 2 $\Psi$ $u=\Psi(X_{1,\ldots,n}X)$
$\epsilon$ $X_{i}$
5. I $u$ $h(u)$
6. $X=X_{1}\cross X_{2}\cross\cdots\cross X_{n}$ $\Psi$ $h(u)$
3.3
$x_{1},$ $x_{2}$ ,
$x_{1},$ $x_{23},$$x,$ $x_{1},$ $x_{23},$$x,$ $\cdots$
$=\supset$ )
3
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4( )
: $F$ Gr\"obner $GB,$ $x=(X_{1}, X_{2}, \cdots, x_{n}),$ $A_{i}$ : $x_{i}$ , $\alpha_{i}$ :
.
: $F$ .
for $k=2$ to $n$
$h:= \sum_{j=}^{k}1jj\alpha X$
$h_{k}$ $:=SquarefreePolynomia\iota( Minima\iota Po\iota ynomial(cB, h)$ $)$
endfor
$B:=\{([l^{(}1), r(1)])|[\iota^{()(}1,1)]r\in A_{1})\}$
for $k=2$ to $n$
$A’:=B$
$B:=\emptyset$
while $A’\neq\phi$
$([l^{(1)}, r(1)], [l(2), r(2)], \cdots, [l^{(k-1)()}, r]\text{ _{}-}1):=FirStE\iota_{em}ent(A’)$
$A’:=A’\backslash \{([l(1), r(1)], [\iota(2), r(2)], \cdots, [l^{(\text{ }-1}), r^{(k}-1)])\}$
$A_{\text{ }^{}\prime}:=A_{k}$
while $A_{k}’\neq\phi$
$[l(k), r(k)]:=FirStE\iota_{em}ent(A’)k$
$A_{k}’:=A_{k}’\backslash \{[\iota(k), r^{()}1k\}$
if $h \text{ }(\sum_{j1}^{k}=j\iota(j))\alpha\cdot h\text{ }(\sum_{j=1}k\alpha_{j}r^{(j}))<0$
then
$B$ $:=B\cup\{([l(1), r(1)], [\iota(2), r(2)], \cdots, [l^{(k)}, r^{(})]k)\}$
endif
endwhile
endwhile
endfor
return $B$
4
Katsura4
$F1=\{$
$yx^{3}- \frac{1}{4}x^{2}+(y^{3}-\frac{9999}{10000}y)x-\frac{1}{4}y^{2}+\frac{1}{4}1$
$x^{3}-yx^{2}+(y^{2}- \frac{100001}{100000})x-y^{3}+y-\frac{1}{100000}$
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$F2=| \frac{93392896}{\frac{5603-\frac{773222625x_{4}}{727057376254y}-15}{(\frac{-\frac{56251546444x_{8}}{71910425y}1881}{+393216625}}}63^{+}y_{5^{+}2},626+y^{5}+\mathrm{o}y^{4^{+}}--2^{-\frac{996352}{125})}y+4+\frac{1\frac{94359552}{-9(\frac{0_{37743}20^{625}137360_{y_{8}}76y_{0}822y}{150414762520y)X}}2124}{24576625}4+-110592y-2^{-}(2-\frac{249088}{5536y,8125}21811y+2^{+}0+276428+764,22\frac{15464448}{2752y25}y-073+y)X+(4\frac{1032192}{52y^{5}-25}\overline{y}^{4}-3686491135168y)60x^{2}X^{3}(\frac{2064384}{25}y-7344728y3y^{3}$
$F3=$
2 1 Sturm
FreeBSD 3.3 AMD K6-III $450\mathrm{M}\mathrm{H}_{\mathrm{Z}}256\mathrm{M}\mathrm{B}\mathrm{y}\mathrm{t}\mathrm{e}\mathrm{s}$
Memory $\mathrm{P}\mathrm{C}$ asir (Version 991006) $\circ$ garbage collection
2:
UP: 1 Sturm: Sturm 1
2
1
5
Gr\"obner 1
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